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Anu Kossery Jayaprakash1 , William MacKunis1 , Vladimir Golubev2 and Oksana Stalnov3
Abstract— A robust nonlinear control method is developed for fluid flow velocity tracking, which formally addresses the inherent challenges in practical implementation of closed-loop active flow control systems. A key
challenge being addressed here is flow control design to
compensate for model parameter variations that can arise
from actuator perturbations. The control design is based
on a detailed reduced-order model of the actuated flow
dynamics, which is rigorously derived to incorporate the
inherent time-varying uncertainty in the both the model
parameters and the actuator dynamics. To the best of
the authors’ knowledge, this is the first robust nonlinear
closed-loop active flow control result to prove exponential
tracking control of a reduced-order actuated flow dynamic
model, which formally incorporates input-multiplicative
time-varying parametric uncertainty and nonlinear coupling between the state and control signal. A rigorous
Lyapunov-based stability analysis is utilized to prove semiglobal exponential tracking of a desired flow field velocity
profile over a given spatial domain. A detailed comparative
numerical study is provided, which demonstrates the performance improvement that is achieved using the proposed
robust nonlinear flow control method to compensate for
model uncertainty and uncertain actuator dynamics.

I. Introduction
Significant theoretical challenges exist in control design
for fluid flow systems due to the fact that the governing
dynamic equations are partial differential equations (PDEs)
(e.g., Navier-Stokes equations), which are not amenable
to control design. To address this challenge, model order reduction techniques are popularly utilized to develop
control-oriented mathematical models for the flow dynamics. In practical applications, reduced-order models (ROM)
can be developed using data obtained from experimental
or high-fidelity computational methods. The resulting ROM
are based on a given, fixed set of flow field conditions,
so ROM dynamic uncertainty and unmodeled, time-varying
parameter fluctuations are an inherent challenge in flow
control applications. Moreover, in closed-loop active flow
control systems, the controlling actuator itself can contribute significantly to ROM parameter fluctuations. For
reliable flow control under realistic, time-varying operating
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conditions, rigorous control design methods are needed to
address these inherent practical challenges.
Reliable control of fluid flow dynamic systems is critical
in a wide range of engineering applications to achieve
aerodynamic drag reduction [1], [2], aeroacoustic noise
reduction [3], [4], and lift enhancement in aircraft [5], [6]. In
order to achieve reliable performance over a wide range of
operating conditions, closed-loop AFC offers many potential
benefits over PFC and open loop AFC methods.
Experimental investigations of AFC systems have been
widely presented in recent research [7]–[12]. Applications
addressed in these experimental AFC studies include thermal protection [7]; control of vortex-body interaction and
wing-tip-vortex meandering in NACA0012 airfoils [8], [9];
low-pressure gas turbines [10]; pressure, force, and moment
manipulation in airfoils without moving control surfaces
[11]; and flow separation control for performance enhancement in aircraft rudders [12]. Although all of the aforementioned studies have shown promising results in their
respective objectives, most of them do not utilize rigorous
mathematical tools to model the flow field dynamics and
theoretically predict and analyze the influence of AFC on
the flow. Dynamic modeling and mathematical analytical
techniques can be leveraged to reduce the number of
required repetitions and, hence, the time and cost that
can be involved in numerical and experimental methods.
A key element in the design and analysis of closed-loop
AFC systems is the development of control-oriented ROMs.
Proper orthogonal decomposition (POD) [13], which is
often referred to as Karhunen-Loève expansion or principal
component analysis, is a method that can be used to obtain
lower-dimensional dynamic models for fluid flow. POD is
utilized to develop a set of basis functions (POD modes) that
approximates the governing infinite-dimensional flow dynamics (i.e., the Navier-Stokes PDE) as a finite-dimensional
set of ordinary differential equations (ODE) in terms of the
POD modes. Depending on the flow control application and
objectives, the number of POD modes in the ROM can be
judiciously selected to yield the desired trade-off between
ROM accuracy and computational efficiency. In application,
the POD-based reduced-order flow dynamic model represents a nominal approximation of flow dynamics that is
obtained under a specific set of flow field conditions (e.g.,
from experimental or high-fidelity computational data). In
order to develop reliable closed-loop AFC over realistic,
uncertain, time-varying flow field conditions, the control
design must formally incorporate the uncertainty inherent
in the reduced-order dynamic model.
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To address the challenge of model uncertainty, various
linear, robust, and intelligent methods for closed-loop AFC
have been presented in recent research literature [14]–[20].
The techniques utilized in these recently developed flow
control systems include, adaptive control [14], [15], PI control [16], and neural network-based control [17], [18]. While
methods such as these have been widely shown to achieve
promising results, robust nonlinear control approaches are
less popularly utilized in flow control applications.
In this paper, a robust controller is presented, which is
rigorously proven to achieve exponential tracking of a fluid
flow velocity field. To the best of the authors’ knowledge,
this is the first robust nonlinear closed-loop AFC result to
prove exponential tracking control of a POD-based reducedorder model for the complete actuated flow dynamics,
which formally incorporates both input-multiplicative timevarying parametric uncertainty and nonlinear couplings
between the state and control input. The three main contributions of this paper are as follows:
1) POD-based ROM development of the actuated flow dynamics, which formally incorporates the time-varying
parameter fluctuations caused by unmodeled effects
and control input perturbations.
2) A rigorous Lyapunov-based stability analysis which
proves semi-global exponential tracking of a desired flow field velocity in the presence of inputmultiplicative time-varying parametric uncertainty and
nonlinear coupling between the state and control input.
3) A detailed comparative numerical study, which shows
the performance improvement that is achieved using
the proposed robust nonlinear control design under
input-multiplicative uncertainty.
II. Dynamic Model and Properties
In this section, a POD-based model reduction technique
is utilized to derive a reduced-order, control-oriented model
for the actuated flow dynamics. The design of a robust
nonlinear control law that formally incorporates the complete nonlinear dynamics and time-varying parametric uncertainty of the ROM is one of the key contributions of the
current work.
A. Reduced order Model for Flow Field Dynamics
The incompressible Navier-Stokes equations are given as
[21]
∇ · u = 0,

1 2
∂u
= −(u · ∇)u +
∇ (u) − ∇p
∂t
Re

(1)

where u(s, t) : Γ × [0, ∞) ∈ R3 denotes the velocity of the
flow field over a spatial domain s ∈ Γ ⊂ R3 ; p(s, t) ∈ R3
is the space- and time-dependent pressure of the flow field
over Γ; and Re denotes the Reynolds number.
POD expansion or principal component analysis is used
to obtain lower-dimensional dynamic models for fluid flow.
In the POD modal decomposition technique, the flow velocity field u(s, t) is expanded as a weighted sum of actuated

and unactuated POD modes defined in the spatial domain
Γ. The actuation effects are embedded in the coefficients
of the Galerkin system. Specifically, the actuation effects
can be included in the reduced-order model by defining the
modal decomposition as [20]
u(s, t) = u0 +

n
m
X
X
xi (t)φi (s) +
γi (t)ψi (s)
i=1

(2)

i=1

In (2), φi (s) ∈ R3 , i = 1, ..., n, denote the unactuated
POD modes and xi (t), i = 1, ..., n, denote time-varying
coefficients resulting from the modal decomposition; and
u0 ∈ R3 denotes the mean flow velocity over Γ; ψi (s) ∈
R denote the actuation modes, and γi (t) ∈ R denote
actuation values (i.e., control inputs). By leveraging an input
separation method similar to that in [22], the actuation
modes can be defined as the modes that minimize the
energy not captured in the modal expansion of the actuated
flow field.
By substituting the decomposition in (2) into (1), the complete actuated POD-based reduced-order model is obtained
as
n
n X
n
X
X
Ckij xi (t)xj (t)
Bki xi (t) +
ẋk = Ak +
i=1

+
+

m
X
i=1
m
X
i=1

Dki γ̇i (t) +
Fki γi (t) +

i=1 j=1
m
n X
X
i=1 j=1
m
m X
X

Ekij xi (t)γj (t)

Gkij γi (t)γj (t)

(3)

i=1 j=1

In (3), Ak , Bki , Ckij ∈ R, for k, i, j = 1, ..., n; Dki , Fki ,
Gkij , k, i, j = 1, ..., m; and Ekij ∈ R, for k, i = 1, ..., n, and
for j = 1, ... m, represent constant uncertain parameters,
which can be explicitly computed for any given, fixed set of
numerical or experimental flow field data. Also in (3), γ̇i (t),
i = 1, ..., n, represent the elements of the control input
vector, which can be physically interpreted as a controllable
perturbation to the flow field.
Property 1. Since the fluid flow velocity u(s, t) is based
only on physical data collected from high-fidelity computational fluid dynamics (CFD) simulations or experiment, the
decomposition in (2) can be used to prove that the actuation
signal γ(t) is bounded provided x(t) is bounded.
Remark 1. (Inherent Parameter Variations) The PODbased reduced-order flow dynamic model in (3) is obtained
from data collected under a single, fixed set of flow field
conditions in the absence of actuation. The introduction of
an actuation signal into the flow dynamic system causes
fluctuations in the parameters (i.e., A, ..., G) of the reducedorder model. Thus, to achieve reliable control of a flow field
under realistic uncertain conditions, compensation for timevarying parametric uncertainty in the reduced-order model is
of crucial importance for closed-loop flow control applications.
B. Control-oriented Flow Dynamic Model
To address the time-varying parametric uncertainty inherent in the reduced-order model for the fluid flow dynam-
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ics in (3), the dynamic model will be rewritten in controloriented form as
ẋ

= f1 (x, x, θ1 (t)) + f2 (x, γ, θ2 (t))
+ f3 (γ, γ, θ3 (t)) + Ω(t)v

(4)

n

where f1 (·), f2 (·), f3 (·) ∈ R denote uncertain nonlinear
(quadratic) terms for which the k th rows are explicitly
defined as
n
n
n X
X
X
f1,k (x, θ1 (t)) , Ak +
Bki xi (t) +
Ckij xi (t)xj (t)
i=1

f3,k (γ, θ3 (t)) ,

m
X

To facilitate the subsequent analysis, an auxiliary (filtered)
tracking error variable, denoted by r(t) ∈ Rn , is defined as
r , ė + αe

i=1 j=1

(5)
f2,k (x, γ, θ2 (t)) ,

III. Control Development
A. Control Objective
The control objective is to ensure that the state x(t)
tracks a desired flow field velocity profile xd (t) ∈ Rn .
To quantify this control objective, a tracking error variable
e(t) ∈ Rn is defined as
e , x − xd .
(9)

(6)

where α ∈ Rn×n is a positive definite, constant control
gain matrix.

Gkij γi (t)γj (t) (7)

Assumption 4. The desired flow field velocity profile xd (t)
is bounded and smooth in the sense that
xd (t) ≤ ζxd1 ,
ẋd (t) ≤ ζxd2 ,
ẍd (t) ≤ ζxd3 (11)

m
n X
X

Ekij xi (t)γj (t)
i=1 j=1
m
m X
X

Fki γi (t) +

i=1

i=1 j=1

for k
=
1, ..., n. In (4) and (5), x(t)
,
[ x1 (t) · · · xn (t) ]T
∈
Rn denotes the state
vector, v(t) , γ̇(t) ∈ Rm is the control input; and
2
2
2
θ1 (t) ∈ Rn +n+1 , θ2 (t) ∈ Rn , θ3 (t) ∈ Rn +n , for
k = 1, ..., n, denote vectors containing the uncertain
time-varying parameters in the dynamic model. Also in
(4), Ω(t) ∈ Rn×m denotes an uncertain input gain matrix.
Specifically, Ω(t) contains the terms Dki , for k = 1, ..., n,
i = 1, ..., m, which are introduced in (3).
Remark 2. (Control Input Variable) The control input
term v(t) is being defined for notational convenience only.
The subsequent control development and stability analysis
will incorporate the input-dependent actuation signals γ(t)
to formally address the challenge of input-multiplicative
uncertainty.

where ζxd1 , ζxd2 , ζxd3 ∈ R+ are known bounding constants.
B. Open-Loop Error System
The open-loop tracking error dynamics can be developed
by taking the time derivative of (10) and using (4)–(9) to
obtain
ṙ = ẍ − ẍd = f˙1 + f˙2 + f˙3 + Ω̇v + Ωv̇ − ẍd + α(r − αe) (12)
The open-loop error dynamics in (12) can be rewritten in
compact form as
ṙ = Ñ + Ñγ + Nd + Ω̇v + Ωv̇ − e

Ñγ , γ T EkT ẋ + xT Ėk γ + Ḟk γ + γ T Ġk γ
Ñ

,

kθ2 (t)k ≤ ζ2

kθ3 (t)k ≤ ζ3

kθ̇1 (t)k ≤ ζ1d

kθ̇2 (t)k ≤ ζ2d

kθ̇3 (t)k ≤ ζ3d

t

sup{kΩ̇(t)ki∞ } ≤ ζΩd

Ḃk (x − xd ) + Bk (ẋ − ẋd )

Ḃk xd + Bk ẋd + xTd (Ck + CkT )ẋd

=

+xTd Ċk xd − ẍd
(8)

where ζ1 , ζ2 , ζ3 , ζΩ , ζ1d , ζ2d , ζ3d , ζΩd ∈ R+ are known
bounding constants. As is standard in robust nonlinear control
methods, knowledge of the upper bounds on the uncertain
parameters is utilized to derive sufficient gain conditions in
the subsequent stability analysis.
Assumption 3. (Fully Actuated System) The subsequent
analysis is based on the assumption that the the number m
of actuation modes is equal to the number n of unactuated
modes (i.e., it is assumed that n = m in (4)). However, the
adaptive control design presented here can be applied to any
system for which m ≥ n.

(15)

+x (Ck + CkT )ẋd − xTd (Ck + CkT )ẋd
+xT (Ck + CkT )ẋ − xT (Ck + CkT )ẋd
+xT Ċk x − xTd Ċk xd + α(r − αe) + e
Nd

t

(14)

T

Assumption 2. The parameter vectors θ1 (t), θ2 (t), θ3 (t)
and the parameter matrix Ω(t) and their derivatives satisfy
the following inequalities:
kθ1 (t)k ≤ ζ1

(13)

where the uncertain nonlinear auxiliary terms
Ñ (x, ẋ, xd , ẋd , e, r, t) ∈ Rn , Ñγ (x, ẋ, γ) ∈ Rn , and
Nd (xd , ẋd , ẍd ) are explicitly defined as

Assumption 1. The reduced-order model in (4) is assumed
to be controllable.

sup{kΩ(t)ki∞ } ≤ ζΩ

(10)

(16)

Motivation for the selective grouping of terms in (14)–(16)
is based on the fact that the following bounding inequalities
can be developed1
kÑ k
kÑγ k

≤
≤

ρ1 (kzk)kzk,

kNd k ≤ ζN d

2

Ξ1 kγk + Ξ2 kγk + ργ (kzk)kzk

(17)
(18)

+

where ζN d , Ξ1 , Ξ2 ∈ R are known bounding constants; ρ1 (·) and ργ (·) are positive, globally invertible nondecreasing functions; and z(t) ∈ R2n is defined as
z , [ eT

rT ]T .

(19)

1 Proof of the bound on the auxiliary terms is straightforward using
the mean-value theorem and Young’s Inequality and is omitted here for
brevity.
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Note that the bounding of Nd (xd , ẋd , ẍd ) follows directly
from Assumption 4 and Inequalities (11).
C. Control Design and Closed-loop Error System
Based on the open loop error dynamics in (13) and the
subsequent stability analysis, the control input is designed
via
v = −Ω−1
(20)
0 [(ks + In )e(t) − (ks + In )e(0) + ω]
where ω(t) ∈ Rn is an implicit learning law with an update
rule defined as
ω̇

= α(ks + In )e(t) + kv kvk sgn(r)

where λ1 ∈ R+ , provided ks is selected sufficiently large (see
the subsequent proof), and where the control gain matrices
kv , kβ , kγ1 , and kγ2 introduced in (20) are selected to satisfy
the sufficient conditions
ζΩd
ζN d
λmin (kβ ) >
(26)
ε
ε
Ξ2
Ξ1
λmin (kγ2 ) >
λmin (kγ1 ) >
ε
ε
where ζΩd , ζN d , Ξ1 , and Ξ2 are introduced in (17); ε is introduced in (25); and λmin (·) denotes the minimum eigenvalue
of the argument.
λmin (kv ) >

(21)
Proof: Let V (z) : R2n → R be a continuously
differentiable, positive-definite function defined as

2

+(kβ + kγ1 kγk + kγ2 kγk ) sgn(r)
and ks , kv , kβ , kγ1 , kγ2 ∈ Rn×n denote positive-definite,
diagonal, control gain matrices. In (20), Ω0 ∈ Rn is a
matrix containing the constant, known, nominal values
of the uncertain parameters in Ω; sgn(·) denotes the
standard signum function, where the function is applied
element-wise to the vector argument; and In denotes the
n × n identity matrix.

1
1 T
e e + rT r
(27)
2
2
where e(t) and r(t) are defined in (9) and (10), respectively.
After taking the time derivative of (27) and using Equations
(10), (22), and (25), along with Inequalities (8) and (25), V̇ (z)
can be upper bounded as
V (z) ,

V̇ (z) ≤ −αkek2 + rT (Ñ + Ñγ ) − ε(λmin (ks ) + In )krk2
After taking the time derivative of (20) and substituting
the result into the open-loop error dynamics in (13), the
closed-loop error system can be expressed as

+ζΩd kvkkrk − ελmin (kv )kvkkrk + ζN d krk − ελmin (kβ )krk
−ελmin (kγ1 )kγkkrk − ελmin (kγ2 )kγk2 krk

(28)

n

ṙ

=

Ñ + Ñγ + Nd + Ω̇v − Ω̃(ks + In )r − e
−Ω̃kγ1 kγk sgn(r) − Ω̃kγ2 kγk2 sgn(r)
−Ω̃kv kvk sgn(r) − Ω̃kβ sgn(r)

(22)

where the fact that |r| ≥ krk ∀ r ∈ R was used. After
using the bounding inequalities in (17), combining terms,
and rearranging, the upper bound in (28) can be expressed
as
V̇ (z) ≤

where (10) was utilized. In (22), the uncertain parameter
mismatch matrix Ω̃(t) ∈ Rn×n is defined as
Ω̃ ,

ΩΩ−1
0 .

(23)

To facilitate the subsequent stability analysis, the mismatch
matrix Ω̃(t) in (23) will be separated into diagonal (Λ(t) ∈
Rn×n ) and off-diagonal (∆(t) ∈ Rn×n ) components as
Ω̃ = Λ + ∆.

(24)

Assumption 5. Approximate knowledge of the parameter
matrix Ω(t) is available such that the mismatch matrix Ω̃(t)
is diagonally dominant in the sense that
inf {λmin (Λ)} − sup{k∆ki∞ } > ε
t

where ε ∈ R

+

Assumption 5 is mild in the sense that, for a given set of
flow field data (e.g., from high-fidelity CFD simulation or
experiment), the nominal values of the reduced-order model
parameters would be readily available.
IV. Stability Analysis
Theorem 1. The control law given in Equations (20) and (21)
ensures semi-global exponential tracking in the sense that
∀ t ∈ [0, ∞)

(29)

provided the gain conditions in (26) are satisfied, where
ρ(kzk) , ρ1 (kzk)+ργ (kzk) is a positive. globally invertible
non-decreasing function. By completing the squares for the
bracketed terms, the upper bound in (29) can be expressed
as
ρ2 (kzk)
)kzk2
(30)
V̇ (z) ≤ −(η −
4ελmin (ks )
where z(t) is defined in (19), and η , min{α, ε}. The upper
bound in (30) can be expressed as
V̇ (z) ≤ −λ1 kzk2

(31)

+

is a known bounding constant.

λ1
t)
2

−[ελmin (ks )krk2 − ρ(kzk)krkkzk]

(25)

t

ke(t)k ≤ kz(0)k exp(−

−αkek2 − εkrk2

where λ1 ∈ R is a constant, provided z(t) is within the
domain defined by
p
S ,{z ∈ R2n |kzk < ρ−1 (2 ηελmin (ks ))}.
The inequalities in (27) and (31) can be used to show that
V (z) ∈ L∞ in S; hence, e (t), r (t) ∈ L∞ in S. Given that
e (t), r (t) ∈ L∞ in S, Equation (10) can be used to show
that ė (t) ∈ L∞ in S; and Assumption 4 can be used with
Equations (9) and (10) to prove that x (t), ẋ (t) ∈ L∞ in S.
Given that x (t) ∈ L∞ in S, Property 1 can be used along
with Equation (2) to show that γ (t) ∈ L∞ in S. Since
x (t), ẋ (t), γ (t) ∈ L∞ in S, Assumption 2 can be used
along with Equation (3) to prove that γ̇ (t), v (t) ∈ L∞
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in S. Given that r (t), γ (t), v (t) ∈ L∞ in S, the time
derivative of Equation (20) can be used with (21) to prove
that v̇ (t) ∈ L∞ in S.
The definition of V (z) in Equation (27) can be used
along with Inequality (31) to show that V (z) can be upper
bounded as
V̇ (z) ≤ −λ1 V (z)
(32)

of the states are x10 = 2, x20 = 3, x30 = 6, x40 = 2.
TABLE I
Nominal Parameters Used in the Simulation Plant Model

b10
b20
b30
b40

in the domain S. The differential inequality in (32) can be
solved as
V (z) ≤ V (z(0)) exp(−λ1 t)
(33)
Hence, Equations (19), (27), and (33) can be used to conclude
that
λ1
ke(t)k ≤ kz(0)k exp(− t)
∀ t ∈ [0, ∞)
(34)
2
V. Simulation
A detailed numerical simulation was created using Matlab/Simulink to demonstrate the performance of the proposed robust control law. The simulation demonstrates the
performance of the control law in (20) and (21) for two
cases: 1) with actuator uncertainty compensation and 2)
without compensation. The control law with uncertainty
compensation includes nonzero values of all of the control
gains introduced in (20) and (21); and as a comparison,
the control gains kv , kγ1 , and kγ2 in (21) are set to
zero to simulate the control law without input-uncertainty
compensation. The reduced-order flow dynamic model in
the simulation uses four POD modes, but the proposed
control design can be applied to ROM consisting of an
arbitrary number of modes. The objective of the controller
is to regulate the flow field velocity to a constant value.
The regulation control objective is presented as a proof-ofconcept only. The proposed control method could be applied
to a tracking control objective with little modification.
The flow field dynamic reduced-order model used in this
simulation is given by [23]:

Linear Terms
= 557.7 L11 = −86.1
= 1016.9 L22 =−392.4
= 41.0
L23 =263.9
=−628.9 L32 = −218.3
L33 = −7.6
L41 = 43.4
L44 = −113.5

Quadratic and Cubic Terms
Q111 = 1.8
Q414 = 2.9
Q121 =−2.2 Q424 = −9.8
Q131 = −2.3 Q434 = 6.3
Q141 = −6.8 Q444 = −7.3
Q212 = 75.0
Q313 = 5.0
R2 = −2.5
Q314 = 3.9
R3 = −0.2

A. Summary of Results
The control gains in the simulation were selected as
kv =3.75 × In , kγ1 = 0.01 ×In , kβ = 2000 ×In (see Equations
(20) and (21)). As stated previously, kv = kγ1 = kγ2 = 0 for
the control law without input uncertainty compensation.
The control gains in the simulation were selected to yield
the best performance tradeoff between regulation accuracy
and control usage. In an attempt to reduce chattering,
the discontinuous signum function was approximated in
the simulation using a continuous logarithmic switching
function without loss of generality. To provide a realistic
demonstration of the closed-loop system performance under parametric uncertainty, the control system was simulated for 50 iterations of randomized time-varying parametric uncertainty in the plant model (i.e., using the Matlab
rand function). Each iteration was tested over six different
levels of randomized uncertainty: 5%, 7%, 10%, 15%, 18%,
20% (e.g., x% uncertainty in b1 is mathematically defined
via b1 = b10 ± [(x% of b10 ) × sin(t)], where b10 is the
corresponding nominal parameter value in Table 1).

ẋ1 = b1 (t) + L11 (t)x1 + Q141 (t)x1 x4 + Q111 (t)x21
+ Q121 (t)x1 x2 + Q131 (t)x1 x3 + β1 (t)γ˙1
ẋ2 = b2 (t) + [L22 (t) +

R2 (t)(x22

+

(35)

x23 )]x2

+ L23 (t)x3 + Q212 (t)x1 x2 + β2 (t)γ˙2

(36)

ẋ3 = b3 (t) + L32 (t)x2
+ [L33 (t) + R3 (x2 (t)2 + x23 )]x3
+ Q313 (t)x1 x3 + Q314 (t)x1 x4 + β3 (t)γ˙3

(37)

ẋ4 = b4 (t) + L41 (t)x1 + L44 (t)x4 + Q444 (t)x24
+ Q414 (t)x1 x4 (t) + Q424 (t)x2 x4
+ Q434 (t)x3 x4 + β4 (t)γ˙4

(38)

To simulate a realistic closed-loop AFC scenario where
the model parameters are influenced by the control perturbations, the parameters in the plant model in (35)–(38) are
time-varying. For completeness in defining the simulation
plant model, the nominal values of the time varying parameters bi (t), Lij (t), Qijk (t) for i; j; k = 1, ..., 4 are provided
in Table I and were taken from [23]. The initial conditions

Fig. 1. Time evolution of the state x1 (t), x2 (t), x3 (t), x4 (t) for controller
without uncertainty compensation (red) and controller with uncertainty
compensation (blue) during closed-loop operation for 50 iterations of
randomized uncertainty.

Figure 1 shows the time evolution of the states during
closed-loop operation for 50 iterations of 20% randomized
uncertainty for the two cases: 1) with input uncertainty
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compensation (in blue) and 2) without compensation (in
red). Figure 2 shows the time evolution of the control
input during the closed-loop operation for a given iteration
of 20% uncertainty (for clarity of the figure, only one
iteration is shown). These results clearly demonstrate the
improved performance that can be achieved using the
proposed controller with input uncertainty compensation.
The average mean squared error (MSE) in trajectory
tracking over the 50 iterations was then calculated for
each of the six levels of uncertainty for the two cases:
1) controller with compensation and 2) controller without
compensation. In summary, the average MSE reduction
achieved using the proposed compensator ranged from
37.39% to 72.10%.

Fig. 2.
Control input u1 (t), u2 (t), u3 (t), u4 (t) during closed-loop
trajectory tracking control operation without and with uncertainty compensation

VI. Conclusions
In this paper, a robust nonlinear flow control system
is presented, which is shown to exponentially track a
desired flow field velocity over a given spatial domain in
the presence of time varying input-multiplicative parametric uncertainty and nonlinear coupling between the state
and the control input. To achieve the result, a detailed
ROM is derived, and a rigorous error system development
and Lyapunov-based stability analysis are provided. The
Lyapunov-based stability analysis proves that the control
design achieves semi-global exponential tracking of the
desired velocity profile. Numerical simulation results are
also provided, which show the performance improvement
of the proposed control law over a standard sliding mode
control method in compensating for time-varying inputmultiplicative uncertainty. The numerical simulation results
show a reduction in the average MSE ranging from 37.39%
up to 72.10% over multiple trials.
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